
Lattice Boltzmann Method: 
Basic theory and applications
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The Lattice Boltzmann Method

• First emerged in the 1980s as an alternative to conventional (NS) 
methods for CFD.

• Highly parallelable leading to revived interest recently due to 
advances in GPU performance.

• Mesoscopic treatment of collision allows for modelling of 
complex fluid-structure interactions which NS struggles with 
(porous materials, biomedical applications, multiphase flows, 
surface / capillary flows)
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Who was Boltzmann?
• Ludwig Eduard Boltzmann (1844 – 1906) was an 

Austrian physicist known for his contribution to 
statistical mechanics.

• Notable work:
• Second law of thermodynamics and statistical 

order:
 𝐒 = 𝒌𝒃 𝐥𝐧 𝑾 

• Gas dynamics and continuum mechanics: 
𝝏𝒇

𝝏𝒕 
+ 𝒗

𝝏𝒇

𝝏𝒙
+

𝑭

𝒎

𝝏𝒇

𝝏𝒗
=

𝝏𝒇

𝝏𝒕𝑪𝒐𝒍𝒍𝒊𝒔𝒊𝒐𝒏

• Atomic Theory and Quantum Mechanics
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Fluid Mechanics: Boltzmann Vs Navier and 
Stokes
• NS treat fluids as a continuum 

describing macroscopic quantities 
such as viscosity and pressure.

• At microscopic these quantities 
don’t exist

• Boltzmann models the 
intermediate scale - mesoscopic
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Important Scales
• Microscopic:

• Interactions between individual particles/molecules.
• Newtonian dynamics describing deterministic 

collisions.
• Discontinuous

• Mesoscopic:
• Ensembles of particles.
• Kinetic theory describing the evolution of statistical 

quantities.
• Statistical

• Macroscopic:
• A continuous medium.
• Macroscopic quantities: viscosity, pressure, density
• Described by NSE using smooth variables.
• Continuous 

[Microscopic, Mesoscopic and Macroscopic 
Descriptions of Dispersal, Mendez, 2023.]
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Statistical Representation of Particles
• The (particle) distribution function 𝑓 𝒙, 𝝃, 𝑡  is the density of 

particles moving with microscopic particle velocity 𝝃, at 
position 𝒙 in space, at time 𝑡.

• It is a generalisation of the macroscopic density.

𝑂

𝒙 = (𝑥1, 𝑥2, 𝑥3)

𝝃 = (𝜉1, 𝜉2, 𝜉3)

i.e. at (𝒙, 𝑡) there is a 
density of particles moving 
with velocity 𝝃.

Note: 𝝃 ∈ ℝ3
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Distribution Function: An Example
• What would a plot of 𝑓 look like?
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ෞ𝒆𝒚

O ෞ𝒆𝒙

ෞ𝒆𝒙

𝑓(𝒙, 𝜉0ෞ𝒆𝒛, 𝑡)
𝑓(𝒙, 𝜉0ෞ𝒆𝒚, 𝑡)
𝑓(𝒙, 𝜉0ෞ𝒆𝒙, 𝑡)

Assume all 𝝃 = 𝜉0



Distribution Function: Another Example

• Consider a box given by with 
dimensions 𝐿𝑥 , 𝐿𝑦 , 𝐿𝑧.

• What is the density of right-moving 
(𝜉𝑥 > 0)  particles within the box?

• Ans:

𝐿𝑥

𝐿𝑦

𝐿𝑧

ම

𝑉

ම

𝜉𝑥>0

𝑓 𝒙, 𝝃, 𝑡 𝑑𝜉3𝑑𝑥3

Volume integral over 
box

Integrating over all possible 
velocities with 𝜉𝑥 > 0
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Moments of The Distribution Function

• The distribution function is the 
statistical representation of the 
microscopic behaviour?

• How does it relate to the 
macroscopic behaviour?

𝐿𝑥

𝐿𝑦

𝐿𝑧
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Moments of The Distribution Function

• How do we find the density at the 
position 𝒙, 𝑡 ?

• Integrate over all possible velocities 
to return to a conventional density 
function.

𝐿𝑥

𝐿𝑦

𝐿𝑧

𝜌 𝒙, 𝑡 =  ම

𝝃∈ℝ3

𝑓 𝒙, 𝝃, 𝑡 𝑑𝜉3

Integrating over all possible 
velocities

The zeroth moment of the 
distribution function is the 
density
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Moments of The Distribution Function

• How do we find the velocity at the 
position 𝒙, 𝑡 ?

• Each particle contributes 𝝃𝑓(𝒙, 𝝃, 𝑡) to the 
momentum density. 

𝐿𝑥

𝐿𝑦

𝐿𝑧
𝒖(𝒙, 𝑡)𝜌 𝒙, 𝑡 =  ම

𝝃∈ℝ3

𝝃𝑓 𝒙, 𝝃, 𝑡 𝑑𝜉3

The first moment of the 
distribution function is the 
momentum

𝒖 𝒙, 𝑡 =
𝝃∈ℝ3׮ 𝝃𝑓 𝒙, 𝝃, 𝑡 𝑑𝜉3

𝝃∈ℝ3׮ 𝑓 𝒙, 𝝃, 𝑡 𝑑𝜉3
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Moments of The Distribution Function

• How do we find the total energy at the 
position 𝒙, 𝑡 ?

𝐿𝑥

𝐿𝑦

𝐿𝑧

𝐸 𝒙, 𝑡 = 𝒖 𝒙, 𝑡 2𝜌 𝒙, 𝑡 =  ම

𝝃∈ℝ3

𝝃 2𝑓 𝒙, 𝝃, 𝑡 𝑑𝜉3

• 𝐸 𝒙, 𝑡  is NOT the kinetic energy in a 
macroscopic sense.

• It is the microscopic kinetic energy.
• Thermal energy + bulk flow kinetic 

energy (macroscopic KE)
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The Equilibrium Density Function

• Suppose we leave our box for a long time.
• It will tend to some equilibrium state. 
• This can be represented by the 

equilibrium density function.
• We assume:

• It is isotropic in 𝝃-space around some velocity 𝒖

• It is separable in the components of the reference 
velocity.

𝐿𝑥

𝐿𝑦

𝐿𝑧
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The Equilibrium Density Function

• 𝑓𝑒𝑞 𝒗 2 = 𝑓𝑒𝑞 𝑣𝑥
2 + 𝑣𝑦

2 + 𝑣𝑧
2  = 𝑓1𝐷

𝑒𝑞
𝑣𝑥

2 𝑓1𝐷
𝑒𝑞

𝑣𝑦
2  𝑓1𝐷

𝑒𝑞
𝑣𝑧

2

• Holding magnitude of 𝒗 2 = const, then

• ln 𝑓1𝐷
𝑒𝑞

𝑣𝑥
2 + ln 𝑓1𝐷

𝑒𝑞
𝑣𝑦

2  + ln 𝑓1𝐷
𝑒𝑞

𝑣𝑧
2 = const

• And thus ln 𝑓1𝐷
𝑒𝑞

𝑣𝑖
2 = 𝑎 + 𝑏𝑣𝑖

2 for constants 𝑎, 𝑏

• So finally 𝑓𝑒𝑞 𝒗 2  must take the form

• 𝑓𝑒𝑞 𝒗 2 = 𝑒3𝑎𝑒𝑏 𝒗 𝟐
 .

• Using the conservation of mass and momentum we can find the 
constants.

• ֜ 𝑓𝑒𝑞 𝒙, 𝒗 , 𝑡 = 𝜌
1

2𝜋𝑅𝑇
𝑒−

𝑣 2

2𝑅𝑇

• The Maxwell-Boltzmann Distribution.

[Tec-Science.com]
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The Boltzmann Equation

• We know that with no external changes as 𝑡 → ∞, 𝑓 → 𝑓𝑒𝑞 .

• But how does it do this? 
• We want to find understand the evolution of 𝑓.

18



The Boltzmann Equation

• The total derivative of 𝑓(𝒙, 𝝃, 𝑡) is:

𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑡

𝑑𝑡

𝑑𝑡
+

𝜕𝑓

𝜕𝑥𝛽

𝑑𝑥𝛽

𝑑𝑡
+

𝜕𝑓

𝜕𝜉𝛽

𝑑𝜉𝛽

𝑑𝑡

19 of total

=1 =𝜉𝛽 
= 

𝐹𝛽

𝜌
By Newtons Second 
Law for some body 
force 𝑭



The Boltzmann Equation

• This must be equal to some source term, Ω(𝑓) :

𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑡
+ 𝜉𝛽

𝜕𝑓

𝜕𝑥𝛽
+

𝐹𝛽

𝜌

𝜕𝑓

𝜕𝜉𝛽
= Ω 𝑓

20 of total

Distribution function is 
advected with the particle 
velocity 𝝃𝜷 Effects of forcing

Source term effecting mesoscopic 
evolution due to microscopic 
collisions



The Collision Operator

• The collision operator must:
1. Conserve mass

2. Conserve Momentum

3. Conserve total energy*

21 * Assuming monatomic particles

න Ω 𝑓 𝑑3𝜉 = 0

න 𝝃Ω 𝑓 𝑑3𝜉 = 𝟎

න 𝝃 2Ω 𝑓 𝑑3𝜉 = 0



The BGK Collision Operator

• Named after Bhatnagar, Gross and Krook
• Links 𝑓 to 𝑓𝑒𝑞  by some relaxation time 𝜏.

Ω 𝑓 = −
1

𝜏
𝑓 − 𝑓𝑒𝑞

22 

Small 𝜏 ֜ fast convergence to 𝑓𝑒𝑞  
Large  𝜏 ֜ slow convergence to 𝑓𝑒𝑞  Viscosity!*

This is just one choice of Ω 𝑓 !
* And heat diffusivity



Stability of The BGK Collision Operator

Ω 𝑓 = −
1

𝜏
𝑓 − 𝑓𝑒𝑞

• If 𝜏

Δ𝑡
= 1, 𝑓 decays directly to 𝑓𝑒𝑞

• If 𝜏

Δ𝑡
> 1, 𝑓 decays exponentially towards 𝑓𝑒𝑞

• If 1
2

<
𝜏

Δ𝑡
< 1, 𝑓converges towards 𝑓𝑒𝑞  via decaying oscillations

• If 1
2

≤
𝜏

Δ𝑡
, 𝑓 diverges from 𝑓𝑒𝑞

23 * And heat diffusivity



A Quick Summary

24 

1.  𝑓 represents a velocity density
2. Macroscopic quantities are found from the moments of 𝑓
3.  𝑓 evolves according to 

4. We can tune 𝜏 to fluid properties 

𝜕𝑓

𝜕𝑡
+ 𝜉𝛽

𝜕𝑓

𝜕𝑥𝛽
+

𝐹𝛽

𝜌

𝜕𝑓

𝜕𝜉𝛽
= −

1

𝜏
𝑓 − 𝑓𝑒𝑞



The LBM

The Lattice-Boltzmann Method
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Motivation For A Lattice
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For some 𝑓, calculate 𝜌.
Easy, right?...

𝜌(𝒙, 𝑡) = න 𝑓(𝒙, 𝝃, 𝑡)𝑑3𝜉

What does this really mean? 

 𝜌(𝒙, 𝑡) = න
−∞

∞

න
−∞

∞

න
−∞

∞

𝑓 𝒙, 𝜉1, 𝜉2, 𝜉3𝑡 𝑑𝜉1𝑑𝜉2𝑑𝜉3   ֜



Motivation For A Lattice

What if we choose some finite set 𝝃 ∈ 𝒄𝑖 ?

𝜌(𝒙, 𝑡) = σ𝑖 𝑓(𝒙, 𝝃𝑖 , 𝑡) 

𝒄𝑖  is known as a velocity set

Imagine we have 𝝃𝑖 = 1,0 , 0,1 , 0, −1 , −1,0  , 0,0

Then every point on a square lattice can jump to its neighbour

27 



Motivation For A Lattice

• By using a lattice, we can discretise our domain 
into connected points.

• This ensures we don’t lose particles as they 
traverse the domain

28 

Continuous Discrete

𝝃 𝒄𝑖

𝑡 Δ𝑡

𝒙

෍

𝑖

𝑎𝑖𝒄𝒊 Δ𝑡



Velocity Weighting

• For each 𝒄𝑖, define some weight 𝑤𝑖  

• Weighting ensures conservation laws…

෍

𝑖

𝑓𝑖 = 𝜌

෍

𝑖

𝒄𝒊𝑓𝑖 = 𝜌𝒖

where 𝑓𝑖 = 𝑤𝑖𝑓(𝒙, 𝒄𝒊, 𝑡)

29 



Finding Suitable Weights

• Finding a suitable weighting requires more work
• For a NS solver, weights must obey:

As a result of quadrature rules

30 



Velocity Naming Scheme

31 

DdQq

# dimensions # velocities

[The Lattice Boltzmann Method Principles and 
Practice, Kruger et al, 2016]



Velocity Naming Scheme
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[The Lattice Boltzmann Method Principles and 
Practice, Kruger et al, 2016]



Lattice Boltzmann Equation

Assuming no body forces (𝐹𝛽 = 0)

𝜕𝑓

𝜕𝑡
+ 𝜉𝛽

𝜕𝑓

𝜕𝑥𝛽
+

𝐹𝛽

𝜌

𝜕𝑓

𝜕𝜉𝛽
= Ω(𝑓) 

Using 1st order discretisation, we get

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = 𝑓𝑖 𝒙, 𝑡 + Δ𝑡 Ω𝑖(𝒙, 𝑡)

The “Lattice Boltzmann Equation”. 

With a redefinition of Ωi, this is equivalent to a 2nd time discretisation.
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An interpretation

The LBE:

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = 𝑓𝑖 𝒙, 𝑡 + Δ𝑡 Ω𝑖 𝒙, 𝑡

Imagine instead, 𝒙𝒊
′ =  𝒙 + 𝒄𝑖Δt and t′ = t + Δ𝑡

𝒙𝒊
′ represents the neighbours of 𝒙

They share information at t′
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An interpretation

The LBE:

𝑓𝑖 𝒙i
′, 𝑡′ = 𝑓𝑖 𝒙, 𝑡 + Δ𝑡 Ω𝑖(𝒙, 𝑡)

35 

𝒙, 𝑡

𝒙i
′, 𝑡′ 𝒙, 𝑡

𝒙, 𝑡𝒙, 𝑡𝒙, 𝑡

𝒙, 𝑡

𝒙, 𝑡 𝒙, 𝑡



An interpretation

The LBE:

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = 𝑓𝑖 𝒙, 𝑡 + Δ𝑡 Ω𝑖(𝒙, 𝑡)

36 

𝒙, 𝑡

𝒙i
′, 𝑡′ 𝒙, 𝑡

𝒙, 𝑡𝒙, 𝑡𝒙, 𝑡

𝒙, 𝑡

𝒙, 𝑡 𝒙, 𝑡
This is the streaming term:

From 𝒙, the distribution function 𝑓𝑖  is “streamed” to 
its 𝑖𝑡ℎ neighbour

The particles move from one neighbour to the next



An interpretation

The LBE:

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = 𝑓𝑖 𝒙, 𝑡 + Δ𝑡 Ω𝑖(𝒙, 𝑡)
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An interpretation

The LBE:

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = 𝑓𝑖 𝒙, 𝑡 + Δ𝑡 Ω𝑖 𝒙, 𝑡

 New Distribution = Streamed Distribution + Collisions

38 



Discrete Equilibrium Functions

After some manipulation…

𝑓𝑖
𝑒𝑞

= 𝑤𝑖𝜌 1 +
𝑐𝑖𝛼𝑢𝛼

𝑐𝑠
2 +

𝑢𝛼𝑢𝛽(𝑐𝑖𝛼𝑐𝑖𝛽 − 𝑐𝑠
2𝛿𝛼𝛽)

2𝑐𝑠
2 

Where 𝑐𝑠  is the speed of sound and be calculated with

𝑐𝑠
2 = 𝑤𝑖 𝒄 ∙ 𝒄 𝑖

For all velocity sets shown 𝑐𝑠
2 =

1

3

39 



(Another) Quick Summary 

• We have discretised the Boltzmann Equation into the LBE

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = 𝑓𝑖 𝒙, 𝑡 + Δ𝑡 Ω𝑖(𝒙, 𝑡)

𝑓𝑖
𝑒𝑞

= 𝑤𝑖𝜌 1 +
𝑐𝑖𝛼𝑢𝛼

𝑐𝑠
2 +

𝑢𝛼𝑢𝛽(𝑐𝑖𝛼𝑐𝑖𝛽 − 𝑐𝑠
2𝛿𝛼𝛽)

2𝑐𝑠
2 

• Using a velocity set 𝑐𝑖  forming a lattice of points {𝒙𝑖}

40 

Streaming Collision
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Initialisation 

• We have some field 𝒖0 at time 𝑡 = 0

• The simplest way to initialise is to assume equilibrium…

𝑓 𝝃, 𝒖, 𝑡 = 𝑓𝑒𝑞(𝝃, 𝒖0, 0)

This is not always appropriate especially with high velocity gradients

42 



Boundary Conditions: No Slip

• We want to impose 𝒖 = 𝟎 on walls
• The simplest option is the “Bounce-Back Condition”

43 

streaming 

• The distribution function is reflected



Timestep Algorithm

f to the e q

rho ,bold italic u

f sub i. , open paren bold italic x plus bold italic c sub i. , cap delta t,, t plus cap delta t , close paren equals cap delta t , cap omega sub i. , open paren bold italic x ,, t close paren

f sub i. , open paren bold italic x plus bold italic c sub i. , cap delta t,, t plus cap delta t , close paren equals f sub i. , open paren bold italic x ,t , close paren

t goes to t plus cap delta t

f sub i. goes to bold italic u ,rho

Compute 𝑓𝑒𝑞  from 
𝜌, 𝒖

Collide

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = Δ𝑡 Ω𝑖(𝒙, 𝑡)

Stream

𝑓𝑖 𝒙 + 𝒄𝑖Δt, t + Δ𝑡 = 𝑓𝑖 𝒙, 𝑡
𝑡 → 𝑡 + Δ𝑡

Compute moments 
𝑓𝑖 → 𝒖, 𝜌

44 

Provide initial 
conditions (𝜌0, 𝒖0)



An Example

…

45 
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Advantages of LBM
• Nonlinearity is contained entirely within the collision operator Ω(𝑓)

• Meaning nonlinearity is local 

• Grid points are independent (after streaming)

• Operations have excellent uniformity

• Decomposition of a regular lattice is easy

• Data handover is minimal

• Direct modelling of microscopic collisions allows for better modelling

47 



Disadvantages of LBM

• The domain is limited to regular lattices

• It is only weakly incompressible

• It is not suitable for steady-state simulations

• It is extremely memory intensive…

48 



Memory usage of LBM

• Consider a 100x100x100 grid of D3Q27 points
• Each point must store 

(𝑢1, 𝑢2, 𝑢3)
𝜌

𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5, … , 𝑓25, 𝑓26, 𝑓27

𝑓1
𝑒𝑞

, 𝑓2
𝑒𝑞

, 𝑓3
𝑒𝑞

, 𝑓4
𝑒𝑞

, 𝑓5
𝑒𝑞

, … , 𝑓25
𝑒𝑞

, 𝑓26
𝑒𝑞

, 𝑓27
𝑒𝑞

Total values to store: 58,000,000 

Often need more memory to store intermediate values

49 



LBM

Node-wise solving

Highly parallelable

Models mesoscopic interactions

Weakly incompressible

Local nonlinearity 

Confined to regular lattice

FEM + FVM

Essentially fancy linear algebra

Medium parallelable

Models macroscopic evolution

Strongly incompressible

Global nonlinearity

Complex geometries with unstructured 
meshes
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OpenLB
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Speed Of LBM-ALM
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[Schottenhamml et al 2022]
[Schottenhamml et al 2022]



Dissipative LBM

53 

[Asmuth et al 2020]
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